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Linear decision boundaries

In binary classification problems, we have seen examples of classifiers that
use linear decision boundaries.

Logistic regression:

log
P(Y = 1 ∣ X = x)
P(Y = 0 ∣ X = x) = β0 + β

⊤
x.

Hence, P(Y = 1 ∣ X = x) ≥ P(Y = 0 ∣ X = x) if and only if

β0 + β
⊤
x ≥ 0.

The decision boundary is

{x ∈ Rp
∶ β0 + β

⊤
x = 0}.
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Linear decision boundaries

LDA:

δk(x) = x
⊤

Σ
−1
µk −

1

2
µ
⊤
k Σ

−1
µk + log πk , ∀k ∈ {0, 1}.

Hence, δ1(x) ≥ δ0(x) if and only if

(x − u0 + u1
2

)
⊤

Σ
−1(u1 − u0) + log

π1
π0

≥ 0.

The decision boundary is

{x ∈ Rp
∶ α0 +α

⊤
x = 0}

for some α0 and α.
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A general formulation of linear classifiers

Binary classification: predicting a target with two values, y ∈ {−1,+1},
(notational change from the past).

Consider the linear decision boundary

w
⊤
x + b = 0

for some weights w ∈ Rp
and b ∈ R.

A good decision boundary should satisfy: for a given point (x, y),

w
⊤
x + b > 0, if y = 1

w
⊤
x + b < 0, if y = −1.

Stat methods for ML (UofT) STA314-Lec-SVM 4 / 26



Separating Hyperplanes

Suppose we are given these data points from two different classes and want to
find a linear classifier that separates them.
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Separating Hyperplanes

<latexit sha1_base64="CenO+DINbFRCOV26HhAJh/UjCUs=">AAACTnicdVBLS0JBGJ1rL7OX1rLNkBRBIPdGUJtActPSIB+gJnPHUYfmcZn5riUX/0nb+j1t+yPtosbHIhUPfHA45ztwOGEkuAXf//JSa+sbm1vp7czO7t7+QTZ3WLU6NpRVqBba1ENimeCKVYCDYPXIMCJDwWrhc2ns1wbMWK7VIwwj1pKkp3iXUwJOamezIb7AL09N0BF+xbfYb2fzfsGfAC+TYEbyaIZyO+edNTuaxpIpoIJY2wj8CFoJMcCpYKNMM7YsIvSZ9FjDUUUks61kUn2ET53SwV1t3CnAE/V/IiHS2qEM3ack0LeL3lhc5UFfjuY10dOGO5nTFcZCW+jetBKuohiYotOy3Vhg0Hi8Je5wwyiIoSOEujynmPaJIRTc4pnmJJiUtJREdezILRss7rhMqpeFwC8ED1f54t1s4zQ6RifoHAXoGhXRPSqjCqJogN7QO/rwPr1v78f7nb6mvFnmCM0hlf4DBUSz4A==</latexit>

The decision boundary is a line in R2

{x ∈ Rp ∶ w⊤x + b = 0} is a (p − 1) dimensional space , a.k.a. hyperplane.
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Simple Intuition and Potential Issues

To correctly classify all points we require that

sign(w⊤xi + b) = yi for all i ∈ [n].

We should find w and b to meet the above goal.

However:
▶ When the data is separable, there exists multiple solutions of w and b.

Which to choose?

▶ When the data is not separable, it is infeasible.
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Separable Cases

<latexit sha1_base64="oQ899AczmGG2P/8oOvsF95rOS0I=">AAACUnicdVJLSwMxGMzWV62vVr15CRZFEMquCHoRir14rGAfYOuSTdM2mMeSfKvWpf/Fq/4eL/4VT6aPg23pQGCY+QaGIVEsuAXf//EyK6tr6xvZzdzW9s7uXr6wX7c6MZTVqBbaNCNimeCK1YCDYM3YMCIjwRrRc2XkN16YsVyrBxjErC1JT/EupwScFOYPozDA5/g1DJ5aoGP8hm+wH+aLfskfAy+SYEqKaIpqWPBOWx1NE8kUUEGsfQz8GNopMcCpYMNcK7EsJvSZ9Nijo4pIZtvpuP4Qnzilg7vauKcAj9X/iZRIawcycpeSQN/OeyNxmQd9OZzVRE8b7mROlxhzbaF73U65ihNgik7KdhOBQePRnrjDDaMgBo4Q6vKcYtonhlBwq+da42Ba0VIS1bFDt2wwv+MiqV+UAr8U3F8Wy7fTjbPoCB2jMxSgK1RGd6iKaoiid/SBPtGX9+39ZtwvmZxmvGnmAM0gs/0Hf3azKg==</latexit>

<latexit sha1_base64="WXIjrMlnXZQ7KWgZaDN7Wad+IDs=">AAACUnicdVJLSwMxGMzWd63aqjcvwaIIQtktgl4EsRePFWwttHXJpmkbmseSfKvWpf/Fq/4eL/4VT6aPg610IDDMfAPDkCgW3ILvf3uZldW19Y3Nrex2bmd3L1/Yr1udGMpqVAttGhGxTHDFasBBsEZsGJGRYI/RoDL2H5+ZsVyrBxjGrC1JT/EupwScFOYPo7CMz/FLWH5qgY7xK77Gfpgv+iV/AvyfBDNSRDNUw4J32upomkimgApibTPwY2inxACngo2yrcSymNAB6bGmo4pIZtvppP4Inzilg7vauKcAT9S/iZRIa4cycpeSQN8uemNxmQd9OZrXRE8b7mROlxgLbaF71U65ihNgik7LdhOBQePxnrjDDaMgho4Q6vKcYtonhlBwq2dbk2Ba0VIS1bEjt2ywuON/Ui+XAr8U3F8Ub25nG2+iI3SMzlCALtENukNVVEMUvaF39IE+vS/vJ+N+yfQ0480yB2gOmdwvg0SzLA==</latexit>

There are multiple separating hyperplanes, determined by different
parameters (w, b).
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Separable Cases
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Optimal Separating Hyperplane

Optimal Separating Hyperplane: A hyperplane that separates two classes and
maximizes the distance to the closest point from either class, i.e., maximize the
margin of the classifier.

<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="HUrqgXiwoP/pt58JPjhVuEWrf98=">AAACVnicdZBLSwMxFIUzo7W1vlrdCG6CRXFVZoqgG6HYjcsK9gGdUjJppg3NY0gyShnGX+NWf4/+GTF9LGxLLwQO37kHbk4YM6qN5/047s5ubi9f2C8eHB4dn5TKp20tE4VJC0smVTdEmjAqSMtQw0g3VgTxkJFOOGnM/M4rUZpK8WKmMelzNBI0ohgZiwal8wZ8gEGkEE79LA2EVDx9ywa1bFCqeFVvPnBT+EtRActpDsrOdTCUOOFEGMyQ1j3fi00/RcpQzEhWDBJNYoQnaER6VgrEie6n8y9k8MqSIYyksk8YOKf/EyniWk95aDc5MmO97s3gNs+MebbK2EgqajHFW4y1a01030+piBNDBF4cGyUMGglnncIhVQQbNrUCYZunGOIxsp0a23wxmAfThuQciaGeNeuv97gp2rWq71X959tK/XHZcQFcgEtwA3xwB+rgCTRBC2DwDj7AJ/hyvp1fN+fmF6uus8ycgZVxS38zfLaN</latexit>

<latexit sha1_base64="19E7QQ3SzuFSITLhYdfln84cJaQ=">AAACQnicdVDNTsJAGNzFP8Q/0KOXRqLxRFoueiRy8YiJgAk0ZLvdlpX9aXa3JqThHbzq8/gSvoI349WDS+lBIEzyJZOZb5LJBAmj2rjuJyxtbe/s7pX3KweHR8cn1dppT8tUYdLFkkn1FCBNGBWka6hh5ClRBPGAkX4wac/9/gtRmkrxaKYJ8TmKBY0oRsZKPY5UTMWoWncbbg5nnXgFqYMCnVENXg1DiVNOhMEMaT3w3MT4GVKGYkZmlWGqSYLwBMVkYKlAnGg/y+vOnEurhE4klT1hnFz9n8gQ13rKA/vJkRnrVW8ubvLMmM+WNRZLRa1M8QZjpa2Jbv2MiiQ1ROBF2ShljpHOfD8npIpgw6aWIGzzFDt4jBTCxq5cGebBrC05RyLUM7ust7rjOuk1G57b8B6a9dZdsXEZnIMLcA08cANa4B50QBdg8AxewRt4hx/wC37Dn8VrCRaZM7AE+PsHEhayMA==</latexit>

Intuitively, ensuring that a classifier is not too close to any data points leads to
better generalization on the test data.
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Geometry of Points and Planes

<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="SQ4s8AFHTzFnLzTEnxRMVAdSJDM=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWNF+4A2lM1mky7dR9jdiCXkJ3jV3+PP8Bd4E6/e3KY52JYOfDDMfAPD+DElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWy70OFKeG4o4mmuB9LDJlPcc+ftGZ+7xlLRQR/0tMYewxGnIQEQW2kx5eRO6rWnYaTw14lbkHqoEB7VLMuhoFACcNcIwqVGrhOrL0USk0QxVllmCgcQzSBER4YyiHDykvzrpl9bpTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxJVhHkxbgjHIA5WZZd3lHVdJ96rhOg334brevCs2LoNTcAYugQtuQBPcgzboAAQi8ArewLv1YX1Z39bP/LVkFZkTsADr9w/q1LCe</latexit>

<latexit sha1_base64="wLxVwb7JO8TFCMfjpr5pGfRwb2g=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSlIEPRZ78VjRPqANZbPZpEv3EXY3Ygn5CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkyJ0o7zaW1sbm3v7Jb2yvsHh0fHlepJV4lEItxBggrZ96HClHDc0URT3I8lhsynuOdPWjO/94ylIoI/6WmMPQYjTkKCoDbS48uoMarUnLqTw14lbkFqoEB7VLUuh4FACcNcIwqVGrhOrL0USk0QxVl5mCgcQzSBER4YyiHDykvzrpl9YZTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxOVhHkxbgjHIA5WZZd3lHVdJt1F3nbr7cF1r3hUbl8AZOAdXwAU3oAnuQRt0AAIReAVv4N36sL6sb+tn/rphFZlTsADr9w/srbCf</latexit>

<latexit sha1_base64="6bcJ9NFmCNqdZFN3f0Qqrur3zBc=">AAACPnicdVBLS8NAGNz4rPXV6tHLYvFxKokIeiz24rGKfUAbymazaZfuI+xuxBL6D7zq7/Fv+Ae8iVePbtMcbEsHPhhmvoFhgphRbVz301lb39jc2i7sFHf39g8OS+WjlpaJwqSJJZOqEyBNGBWkaahhpBMrgnjASDsY1ad++5koTaV4MuOY+BwNBI0oRsZKjy8X/VLFrboZ4DLxclIBORr9snPeCyVOOBEGM6R113Nj46dIGYoZmRR7iSYxwiM0IF1LBeJE+2lWdQLPrBLCSCp7wsBM/Z9IEdd6zAP7yZEZ6kVvKq7yzJBP5jU2kIpameIVxkJbE936KRVxYojAs7JRwqCRcLodDKki2LCxJQjbPMUQD5FC2NiFi70smNYl50iEemKX9RZ3XCatq6rnVr2H60rtLt+4AE7AKbgEHrgBNXAPGqAJMIjAK3gD786H8+V8Oz+z1zUnzxyDOTi/fwLBsCs=</latexit>

<latexit sha1_base64="vkhjxIL2dCQAq3BWHHHZQwy6UYI=">AAACSXicdVDJTgJBFOwBF8QN9OhlItF4IjPGRI9ELh4xkSWBCelpGmjpZex+YyATvsOrfo9f4Gd4M57sAQ4CoZKXVKpeJZUKI84MeN6Xk8lube/s5vby+weHR8eF4knDqFgTWieKK90KsaGcSVoHBpy2Ik2xCDlthqNq6jdfqTZMySeYRDQQeCBZnxEMVgrG3Q7QMSSRVs/TbqHklb0Z3HXiL0gJLVDrFp3LTk+RWFAJhGNj2r4XQZBgDYxwOs13YkMjTEZ4QNuWSiyoCZJZ66l7YZWe21fangR3pv5PJFgYMxGh/RQYhmbVS8VNHgzFdFnjA6WZlRnZYKy0hf5dkDAZxUAlmZftx9wF5aYzuj2mKQE+sQQTm2fEJUOsMQE7dr4zCyZVJQSWPZMu66/uuE4a12XfK/uPN6XK/WLjHDpD5+gK+egWVdADqqE6IugFvaF39OF8Ot/Oj/M7f804i8wpWkIm+wcQYbSm</latexit>

<latexit sha1_base64="LsWZ6uDGvrbSnbxb8WnpSDBCIcQ=">AAACWHicdZBLSwMxFIVvx0drfdW6002wKOKizBRBN0KxG5cK1hY6tWTSTBuax5BklDIM+Gvc6t/RX2Nau9CKFwKH79wDNydKODPW9z8K3srq2nqxtFHe3Nre2a3sVR+MSjWhbaK40t0IG8qZpG3LLKfdRFMsIk470aQ18ztPVBum5L2dJrQv8EiymBFsHRpUDp4fz9AVCmONSfacZ6FUWjgxaOSDSs2v+/NBf0WwEDVYzO1gr3ASDhVJBZWWcGxML/AT28+wtoxwmpfD1NAEkwke0Z6TEgtq+tn8Ezk6dmSIYqXdkxbN6c9EhoUxUxG5TYHt2Cx7M/ifZ8ci/834SGnmMCP/GEvX2viynzGZpJZK8n1snHJkFZq1ioZMU2L51AlMXJ4RRMbYdWpd9+VwHsxaSggsh2bWbLDc41/x0KgHfj24O681rxcdl+AQjuAUAriAJtzALbSBwAu8whu8Fz498IrexveqV1hk9uHXeNUvTD62pA==</latexit>

<latexit sha1_base64="5+RaHJWS91d5hlovt7sv+80zee0="></latexit>

Recall that the decision hyperplane is orthogonal (perpendicular) to w. I.e.,
for any two points x1 and x2 on the decision hyperplane we have that

w
⊤(x1 − x2) = 0.
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Geometry of Points and Planes

<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="SQ4s8AFHTzFnLzTEnxRMVAdSJDM=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWNF+4A2lM1mky7dR9jdiCXkJ3jV3+PP8Bd4E6/e3KY52JYOfDDMfAPD+DElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWy70OFKeG4o4mmuB9LDJlPcc+ftGZ+7xlLRQR/0tMYewxGnIQEQW2kx5eRO6rWnYaTw14lbkHqoEB7VLMuhoFACcNcIwqVGrhOrL0USk0QxVllmCgcQzSBER4YyiHDykvzrpl9bpTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxJVhHkxbgjHIA5WZZd3lHVdJ96rhOg334brevCs2LoNTcAYugQtuQBPcgzboAAQi8ArewLv1YX1Z39bP/LVkFZkTsADr9w/q1LCe</latexit>

<latexit sha1_base64="wLxVwb7JO8TFCMfjpr5pGfRwb2g=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSlIEPRZ78VjRPqANZbPZpEv3EXY3Ygn5CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkyJ0o7zaW1sbm3v7Jb2yvsHh0fHlepJV4lEItxBggrZ96HClHDc0URT3I8lhsynuOdPWjO/94ylIoI/6WmMPQYjTkKCoDbS48uoMarUnLqTw14lbkFqoEB7VLUuh4FACcNcIwqVGrhOrL0USk0QxVl5mCgcQzSBER4YyiHDykvzrpl9YZTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxOVhHkxbgjHIA5WZZd3lHVdJt1F3nbr7cF1r3hUbl8AZOAdXwAU3oAnuQRt0AAIReAVv4N36sL6sb+tn/rphFZlTsADr9w/srbCf</latexit>

<latexit sha1_base64="6bcJ9NFmCNqdZFN3f0Qqrur3zBc=">AAACPnicdVBLS8NAGNz4rPXV6tHLYvFxKokIeiz24rGKfUAbymazaZfuI+xuxBL6D7zq7/Fv+Ae8iVePbtMcbEsHPhhmvoFhgphRbVz301lb39jc2i7sFHf39g8OS+WjlpaJwqSJJZOqEyBNGBWkaahhpBMrgnjASDsY1ad++5koTaV4MuOY+BwNBI0oRsZKjy8X/VLFrboZ4DLxclIBORr9snPeCyVOOBEGM6R113Nj46dIGYoZmRR7iSYxwiM0IF1LBeJE+2lWdQLPrBLCSCp7wsBM/Z9IEdd6zAP7yZEZ6kVvKq7yzJBP5jU2kIpameIVxkJbE936KRVxYojAs7JRwqCRcLodDKki2LCxJQjbPMUQD5FC2NiFi70smNYl50iEemKX9RZ3XCatq6rnVr2H60rtLt+4AE7AKbgEHrgBNXAPGqAJMIjAK3gD786H8+V8Oz+z1zUnzxyDOTi/fwLBsCs=</latexit>

<latexit sha1_base64="vkhjxIL2dCQAq3BWHHHZQwy6UYI=">AAACSXicdVDJTgJBFOwBF8QN9OhlItF4IjPGRI9ELh4xkSWBCelpGmjpZex+YyATvsOrfo9f4Gd4M57sAQ4CoZKXVKpeJZUKI84MeN6Xk8lube/s5vby+weHR8eF4knDqFgTWieKK90KsaGcSVoHBpy2Ik2xCDlthqNq6jdfqTZMySeYRDQQeCBZnxEMVgrG3Q7QMSSRVs/TbqHklb0Z3HXiL0gJLVDrFp3LTk+RWFAJhGNj2r4XQZBgDYxwOs13YkMjTEZ4QNuWSiyoCZJZ66l7YZWe21fangR3pv5PJFgYMxGh/RQYhmbVS8VNHgzFdFnjA6WZlRnZYKy0hf5dkDAZxUAlmZftx9wF5aYzuj2mKQE+sQQTm2fEJUOsMQE7dr4zCyZVJQSWPZMu66/uuE4a12XfK/uPN6XK/WLjHDpD5+gK+egWVdADqqE6IugFvaF39OF8Ot/Oj/M7f804i8wpWkIm+wcQYbSm</latexit>

<latexit sha1_base64="LsWZ6uDGvrbSnbxb8WnpSDBCIcQ=">AAACWHicdZBLSwMxFIVvx0drfdW6002wKOKizBRBN0KxG5cK1hY6tWTSTBuax5BklDIM+Gvc6t/RX2Nau9CKFwKH79wDNydKODPW9z8K3srq2nqxtFHe3Nre2a3sVR+MSjWhbaK40t0IG8qZpG3LLKfdRFMsIk470aQ18ztPVBum5L2dJrQv8EiymBFsHRpUDp4fz9AVCmONSfacZ6FUWjgxaOSDSs2v+/NBf0WwEDVYzO1gr3ASDhVJBZWWcGxML/AT28+wtoxwmpfD1NAEkwke0Z6TEgtq+tn8Ezk6dmSIYqXdkxbN6c9EhoUxUxG5TYHt2Cx7M/ifZ8ci/834SGnmMCP/GEvX2viynzGZpJZK8n1snHJkFZq1ioZMU2L51AlMXJ4RRMbYdWpd9+VwHsxaSggsh2bWbLDc41/x0KgHfj24O681rxcdl+AQjuAUAriAJtzALbSBwAu8whu8Fz498IrexveqV1hk9uHXeNUvTD62pA==</latexit>

<latexit sha1_base64="5+RaHJWS91d5hlovt7sv+80zee0="></latexit>

The vector w
∗
=

w
∥w∥2

is a unit vector pointing in the same direction as w.

The same hyperplane could equivalently be defined in terms of w
∗

.
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Geometry of Points and Planes

<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="SQ4s8AFHTzFnLzTEnxRMVAdSJDM=">AAACP3icdVBLS8NAGNzUV62vVo9egkXxVBIR9FjsxWNF+4A2lM1mky7dR9jdiCXkJ3jV3+PP8Bd4E6/e3KY52JYOfDDMfAPD+DElSjvOp1Xa2Nza3invVvb2Dw6PqrXjrhKJRLiDBBWy70OFKeG4o4mmuB9LDJlPcc+ftGZ+7xlLRQR/0tMYewxGnIQEQW2kx5eRO6rWnYaTw14lbkHqoEB7VLMuhoFACcNcIwqVGrhOrL0USk0QxVllmCgcQzSBER4YyiHDykvzrpl9bpTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxJVhHkxbgjHIA5WZZd3lHVdJ96rhOg334brevCs2LoNTcAYugQtuQBPcgzboAAQi8ArewLv1YX1Z39bP/LVkFZkTsADr9w/q1LCe</latexit>

<latexit sha1_base64="wLxVwb7JO8TFCMfjpr5pGfRwb2g=">AAACP3icdVBLS8NAGNz4rPXV6tFLsCieSlIEPRZ78VjRPqANZbPZpEv3EXY3Ygn5CV719/gz/AXexKs3t2kOtqUDHwwz38AwfkyJ0o7zaW1sbm3v7Jb2yvsHh0fHlepJV4lEItxBggrZ96HClHDc0URT3I8lhsynuOdPWjO/94ylIoI/6WmMPQYjTkKCoDbS48uoMarUnLqTw14lbkFqoEB7VLUuh4FACcNcIwqVGrhOrL0USk0QxVl5mCgcQzSBER4YyiHDykvzrpl9YZTADoU0x7Wdq/8TKWRKTZlvPhnUY7XszcR1nh6zbFGjkZDEyAStMZba6vDWSwmPE405mpcNE2prYc/GswMiMdJ0aghEJk+QjcZQQqTNxOVhHkxbgjHIA5WZZd3lHVdJt1F3nbr7cF1r3hUbl8AZOAdXwAU3oAnuQRt0AAIReAVv4N36sL6sb+tn/rphFZlTsADr9w/srbCf</latexit>

<latexit sha1_base64="6bcJ9NFmCNqdZFN3f0Qqrur3zBc=">AAACPnicdVBLS8NAGNz4rPXV6tHLYvFxKokIeiz24rGKfUAbymazaZfuI+xuxBL6D7zq7/Fv+Ae8iVePbtMcbEsHPhhmvoFhgphRbVz301lb39jc2i7sFHf39g8OS+WjlpaJwqSJJZOqEyBNGBWkaahhpBMrgnjASDsY1ad++5koTaV4MuOY+BwNBI0oRsZKjy8X/VLFrboZ4DLxclIBORr9snPeCyVOOBEGM6R113Nj46dIGYoZmRR7iSYxwiM0IF1LBeJE+2lWdQLPrBLCSCp7wsBM/Z9IEdd6zAP7yZEZ6kVvKq7yzJBP5jU2kIpameIVxkJbE936KRVxYojAs7JRwqCRcLodDKki2LCxJQjbPMUQD5FC2NiFi70smNYl50iEemKX9RZ3XCatq6rnVr2H60rtLt+4AE7AKbgEHrgBNXAPGqAJMIjAK3gD786H8+V8Oz+z1zUnzxyDOTi/fwLBsCs=</latexit>

<latexit sha1_base64="vkhjxIL2dCQAq3BWHHHZQwy6UYI=">AAACSXicdVDJTgJBFOwBF8QN9OhlItF4IjPGRI9ELh4xkSWBCelpGmjpZex+YyATvsOrfo9f4Gd4M57sAQ4CoZKXVKpeJZUKI84MeN6Xk8lube/s5vby+weHR8eF4knDqFgTWieKK90KsaGcSVoHBpy2Ik2xCDlthqNq6jdfqTZMySeYRDQQeCBZnxEMVgrG3Q7QMSSRVs/TbqHklb0Z3HXiL0gJLVDrFp3LTk+RWFAJhGNj2r4XQZBgDYxwOs13YkMjTEZ4QNuWSiyoCZJZ66l7YZWe21fangR3pv5PJFgYMxGh/RQYhmbVS8VNHgzFdFnjA6WZlRnZYKy0hf5dkDAZxUAlmZftx9wF5aYzuj2mKQE+sQQTm2fEJUOsMQE7dr4zCyZVJQSWPZMu66/uuE4a12XfK/uPN6XK/WLjHDpD5+gK+egWVdADqqE6IugFvaF39OF8Ot/Oj/M7f804i8wpWkIm+wcQYbSm</latexit>

<latexit sha1_base64="LsWZ6uDGvrbSnbxb8WnpSDBCIcQ=">AAACWHicdZBLSwMxFIVvx0drfdW6002wKOKizBRBN0KxG5cK1hY6tWTSTBuax5BklDIM+Gvc6t/RX2Nau9CKFwKH79wDNydKODPW9z8K3srq2nqxtFHe3Nre2a3sVR+MSjWhbaK40t0IG8qZpG3LLKfdRFMsIk470aQ18ztPVBum5L2dJrQv8EiymBFsHRpUDp4fz9AVCmONSfacZ6FUWjgxaOSDSs2v+/NBf0WwEDVYzO1gr3ASDhVJBZWWcGxML/AT28+wtoxwmpfD1NAEkwke0Z6TEgtq+tn8Ezk6dmSIYqXdkxbN6c9EhoUxUxG5TYHt2Cx7M/ifZ8ci/834SGnmMCP/GEvX2viynzGZpJZK8n1snHJkFZq1ioZMU2L51AlMXJ4RRMbYdWpd9+VwHsxaSggsh2bWbLDc41/x0KgHfj24O681rxcdl+AQjuAUAriAJtzALbSBwAu8whu8Fz498IrexveqV1hk9uHXeNUvTD62pA==</latexit>

<latexit sha1_base64="5+RaHJWS91d5hlovt7sv+80zee0="></latexit>

Question: how to compute the distance from a point x
′

to the hyperplane

{x ∶ b +w
⊤
x = 0}.
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Distance to a Given Hyperplane

Fix the point x
′

as well as w and b which determine the hyperplane.

Take the closest point xproj on the hyperplane, which satisfies

w
⊤
xproj + b = 0.

We know that x
′ − xproj is parallel to w

∗
= w/∥w∥2

The distance is

∥x′ − xproj∥2 =

»»»»»»»»
(x′ − xproj)⊤

w

∥w∥2

»»»»»»»»

=

»»»»»w
⊤
x
′ −w

⊤
xproj

»»»»»
∥w∥2

=

»»»»»w
⊤
x
′ + b

»»»»»
∥w∥2
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Maximizing Margin as an Optimization Problem

<latexit sha1_base64="HUrqgXiwoP/pt58JPjhVuEWrf98=">AAACVnicdZBLSwMxFIUzo7W1vlrdCG6CRXFVZoqgG6HYjcsK9gGdUjJppg3NY0gyShnGX+NWf4/+GTF9LGxLLwQO37kHbk4YM6qN5/047s5ubi9f2C8eHB4dn5TKp20tE4VJC0smVTdEmjAqSMtQw0g3VgTxkJFOOGnM/M4rUZpK8WKmMelzNBI0ohgZiwal8wZ8gEGkEE79LA2EVDx9ywa1bFCqeFVvPnBT+EtRActpDsrOdTCUOOFEGMyQ1j3fi00/RcpQzEhWDBJNYoQnaER6VgrEie6n8y9k8MqSIYyksk8YOKf/EyniWk95aDc5MmO97s3gNs+MebbK2EgqajHFW4y1a01030+piBNDBF4cGyUMGglnncIhVQQbNrUCYZunGOIxsp0a23wxmAfThuQciaGeNeuv97gp2rWq71X959tK/XHZcQFcgEtwA3xwB+rgCTRBC2DwDj7AJ/hyvp1fN+fmF6uus8ycgZVxS38zfLaN</latexit>

MA
RG

IN

<latexit sha1_base64="cmbNm25mMCYg03j2JyKsQ+metlg=">AAACInicbVDLSgMxFM3UV62vUZdugkUQlDIjRbsRCm5cVrAPaMeSyaRtaCYTkkxtGfonLtWPcSeuBP/EjWk7iG09EDiccy/n5viCUaUd59PKrKyurW9kN3Nb2zu7e/b+QU1FscSkiiMWyYaPFGGUk6qmmpGGkASFPiN1v38z8esDIhWN+L0eCeKFqMtph2KkjdS2bR+ewceHlo4EHMJr6LTtvFNwpoDLxE1JHqSotO3vVhDhOCRcY4aUarqO0F6CpKaYkXGuFSsiEO6jLmkaylFIlJdMLx/DE6MEsBNJ87iGU/XvRoJCpUahbyZDpHtq0ZuI/3m/SefBgAqVhg5nqfODulPyEspFrAnHs4s6MYM6gpO+YEAlwZqNDEFYUvMpiHtIIqxNqznTlrvYzTKpXRTcy0Lxrpgvl9LesuAIHINT4IIrUAa3oAKqAIMBeAIv4NV6tt6sd+tjNpqx0p1DMAfr6weNKKNj</latexit>

b + w>x = 0

<latexit sha1_base64="bGv9jRKTMG5gWL0bDyDhSscNYIE=">AAACInicbVDLSgMxFM3UV62vUZdugkUQlDIjRbsRCm5cVrAPaMeSyaRtaCYTkkxtGfonLtWPcSeuBP/EjWk7iG09EDiccy/n5viCUaUd59PKrKyurW9kN3Nb2zu7e/b+QU1FscSkiiMWyYaPFGGUk6qmmpGGkASFPiN1v38z8esDIhWN+L0eCeKFqMtph2KkjdS2bR+ewceHlo4EHMJr6LbtvFNwpoDLxE1JHqSotO3vVhDhOCRcY4aUarqO0F6CpKaYkXGuFSsiEO6jLmkaylFIlJdMLx/DE6MEsBNJ87iGU/XvRoJCpUahbyZDpHtq0ZuI/3m/SefBgAqVhg5nqfODulPyEspFrAnHs4s6MYM6gpO+YEAlwZqNDEFYUvMpiHtIIqxNqznTlrvYzTKpXRTcy0Lxrpgvl9LesuAIHINT4IIrUAa3oAKqAIMBeAIv4NV6tt6sd+tjNpqx0p1DMAfr6weO1aNk</latexit>

b +
w >

x =
1

<latexit sha1_base64="NQNLm7aspZ63kJnwe712SENqhwc=">AAACI3icbVDLSgMxFM3UV62vqS7dBIsgqGVGinYjFNy4rGAf0I4lk8m0oZmZkGT6YOinuFQ/xp24ceGXuDFtB7HVA4HDOfdybo7LGZXKsj6MzMrq2vpGdjO3tb2zu2fm9+syigUmNRyxSDRdJAmjIakpqhhpckFQ4DLScPs3U78xIELSKLxXY06cAHVD6lOMlJY6Zt6Fp3D40FYRhyN4Dc/tjlmwitYM8C+xU1IAKaod86vtRTgOSKgwQ1K2bIsrJ0FCUczIJNeOJeEI91GXtDQNUUCkk8xOn8BjrXjQj4R+oYIz9fdGggIpx4GrJwOkenLZm4r/eT9JZ96AcpmGjuapi4PKLzsJDXmsSIjnF/kxgyqC08KgRwXBio01QVhQ/SmIe0ggrHStOd2WvdzNX1K/KNqXxdJdqVApp71lwSE4AifABlegAm5BFdQABkPwCJ7Bi/FkvBpvxvt8NGOkOwdgAcbnNwQqo5s=</latexit>

b +
w >

x = �1

Now consider the two parallel hyperplanes

w
⊤
x + b = 1 w

⊤
x + b = −1

Using the distance formula, can see that the margin is 2/∥w∥2.
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Maximizing Margin as an Optimization Problem

Recall: to correctly classify all points we require that

sign(w⊤xi + b) = yi for all i ∈ [n]

Let’s impose a stronger requirement: correctly classify all points and prevent
them from falling in the margin. For some M > 0,

w
⊤
xi + b ≥ M if yi = 1

w
⊤
xi + b ≤ −M if yi = −1

This is equivalent to

yi (w⊤xi + b) ≥ M for all i ∈ [n]

which we call the margin constraints.
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Maximizing Margin as an Optimization Problem

There might exist multiple (w, b) satisfy the margin constraints. We
want to pick the one that maximizes the width of the margin,

»»»»»x
⊤
w + b

»»»»»
∥w∥2

=
M

∥w∥2

.

This leads to the max-margin objective:

min
w,b

∥w∥2
2

M2

s.t. yi(w⊤xi + b) ≥ M, for all i = 1, . . . , n

W.l.o.g. we can set M = 1. (Why?)
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Maximizing Margin as an Optimization Problem

Max-margin objective:

min
w,b

∥w∥2
2

s.t. yi(w⊤xi + b) ≥ 1 i = 1, . . . , n
<latexit sha1_base64="VQB14ElJwnNPgog3Hhcs5tX+JT4=">AAACVXicdVDLSgMxFM2MVWt9VV24cBMsSkUoMyLoRih247KCVcHWkkkzbTCPIbmjlmG+xq1+j/gxguljoZUeCJx7zj1wc6JEcAtB8OX5C4XFpeXiSml1bX1js7y1fWt1aihrUS20uY+IZYIr1gIOgt0nhhEZCXYXPTVG/t0zM5ZrdQPDhHUk6Ssec0rASd3yblx9PcIXOMLH+OWxDTrBr24MuuVKUAvGwP9JOCUVNEWzu+UdtnuappIpoIJY+xAGCXQyYoBTwfJSO7UsIfSJ9NmDo4pIZjvZ+Ac5PnBKD8fauKcAj9XfiYxIa4cycpuSwMDOeiNxngcDmf/VRF8b7mRO5xgz10J83sm4SlJgik6OjVOBQeNRpbjHDaMgho4Q6vKcYjoghlBwxZfa42DW0FIS1bO5azac7fE/uT2phUEtvD6t1C+nHRfRHtpHVRSiM1RHV6iJWoiiHL2hd/ThfXrffsFfmqz63jSzg/7A3/wB/6uz1A==</latexit>

<latexit sha1_base64="HUrqgXiwoP/pt58JPjhVuEWrf98=">AAACVnicdZBLSwMxFIUzo7W1vlrdCG6CRXFVZoqgG6HYjcsK9gGdUjJppg3NY0gyShnGX+NWf4/+GTF9LGxLLwQO37kHbk4YM6qN5/047s5ubi9f2C8eHB4dn5TKp20tE4VJC0smVTdEmjAqSMtQw0g3VgTxkJFOOGnM/M4rUZpK8WKmMelzNBI0ohgZiwal8wZ8gEGkEE79LA2EVDx9ywa1bFCqeFVvPnBT+EtRActpDsrOdTCUOOFEGMyQ1j3fi00/RcpQzEhWDBJNYoQnaER6VgrEie6n8y9k8MqSIYyksk8YOKf/EyniWk95aDc5MmO97s3gNs+MebbK2EgqajHFW4y1a01030+piBNDBF4cGyUMGglnncIhVQQbNrUCYZunGOIxsp0a23wxmAfThuQciaGeNeuv97gp2rWq71X959tK/XHZcQFcgEtwA3xwB+rgCTRBC2DwDj7AJ/hyvp1fN+fmF6uus8ycgZVxS38zfLaN</latexit>

<latexit sha1_base64="19E7QQ3SzuFSITLhYdfln84cJaQ=">AAACQnicdVDNTsJAGNzFP8Q/0KOXRqLxRFoueiRy8YiJgAk0ZLvdlpX9aXa3JqThHbzq8/gSvoI349WDS+lBIEzyJZOZb5LJBAmj2rjuJyxtbe/s7pX3KweHR8cn1dppT8tUYdLFkkn1FCBNGBWka6hh5ClRBPGAkX4wac/9/gtRmkrxaKYJ8TmKBY0oRsZKPY5UTMWoWncbbg5nnXgFqYMCnVENXg1DiVNOhMEMaT3w3MT4GVKGYkZmlWGqSYLwBMVkYKlAnGg/y+vOnEurhE4klT1hnFz9n8gQ13rKA/vJkRnrVW8ubvLMmM+WNRZLRa1M8QZjpa2Jbv2MiiQ1ROBF2ShljpHOfD8npIpgw6aWIGzzFDt4jBTCxq5cGebBrC05RyLUM7ust7rjOuk1G57b8B6a9dZdsXEZnIMLcA08cANa4B50QBdg8AxewRt4hx/wC37Dn8VrCRaZM7AE+PsHEhayMA==</latexit>

Intuitively, if the margin constraint is not tight for xi , we could remove xi
from the training set and the optimal hyperplane would be the same.

1

The important training points are those with equality constraints, and are
called support vectors.

Hence, this algorithm is called the (hard-margin) Support Vector Machine
(SVM). SVM-like algorithms are often called max-margin or large-margin.

1
This can be rigorously shown via the K.K.T. conditions.
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Computation of the hard-margin SVM

Primal-formulation:

min
w,b

∥w∥2
2

s.t. yi(w⊤xi + b) ≥ 1 i = 1, . . . , n

Convex, in fact, a quadratic program. (Stochastic) Gradient descent
can be directly used.

In practice, it is more common to solve the optimization problem
based on its dual formulation.

2

2
See the suggested reading.
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Extension to Non-Separable Data Points

How can we apply the max-margin principle if the data are not linearly separable?
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Soft-margin SVM

We introduce slack variables ζ = (ζ1, . . . , ζn) and consider

min
w,b,ζ

∥w∥2
2

s.t. yi(w⊤xi + b) ≥ 1 − ζi , ζi ≥ 0, for all i = 1, . . . , n
n

∑
i=1

ζi ≤ K .

Misclassification occurs if ζi > 1.

∑n
i=1 ζi ≤ K restricts the total number of misclassified points less

than K .

K ≥ 0 is a tuning parameter. K = 0 reduces to the hard-margin SVM.
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Another interpretation of the soft-margin SVM

Soft-margin SVM is equivalent to, for some C = C(K),

min
w,b,ζ

∥w∥2
2 + C

n

∑
i=1

ζi

s.t. yi(w⊤xi + b) ≥ 1 − ζi , ζi ≥ 0, i = 1, . . . , n.

This is further equivalent to

min
w,b

1
n

n

∑
i=1

max {0, 1 − yi (w⊤xi + b)}
ÍÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÑÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÒÏ

hinge loss

+λ∥w∥2
2

with λ = 1/(nC). Hence, the soft-margin SVM can be seen as a
linear classifier with the hinge loss and the ridge penalty.
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Hinge Loss

The hinge loss:

Lhinge(w, b) = max {0, 1 − yi (w⊤xi + b)}

We only want to minimize 1 − yi(w⊤xi + b) when it is positive.

yi(w⊤xi + b) ≥ 1 ⇒ ✓ + out of margin

yi(w⊤xi + b) ∈ [0, 1] ⇒ ✓ but within margin

yi(w⊤xi + b) < 0 ⇒ ×

The 0-1 loss
L0-1(w, b) = 1 {yi (w⊤xi + b) < 0} .
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Revisiting Loss Functions for Classification

Hinge loss compared with the 0-1 loss:

y = max{0, 1 − x} v.s. y = 1{x < 0}.
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Limitations of SVM

The classifier based on SVM is

sign(ŵ⊤x + b̂).

Hence, SVM does not estimate the posterior probability.

For multi-class classification problems,

▶ It is non-trivial to generalize the notion of a margin to multiclass
setting.

▶ Many different proposals for multi-class SVMs. We discuss two
commonly used ad-hoc approaches in the suggested reading material.
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LDA vs SVM vs Logistic Regression (LR)

In essence, SVM is more similar as LR than LDA. (LDA makes
additional Gaussianity assumptions.)

SVM does not estimate the conditional probabilities, such as
P(Y = 1 ∣ X ), but LDA and LR do.

When classes are (nearly) separable, SVM and LDA perform better
than LR.

When classes are non-separable, LR (with ridge penalty) and SVM are
very similar.

When Gaussianity can be justified, LDA has the best performance.

SVM and LR are less used for multi-class classification problems.
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